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Abstract  Spherical harmonics in an arbitrary dimension are employed widely in
quantum theory. Spherical harmonics are also called hyperspherical harmonics when
the dimension is larger than 3. In this paper, we derive some integral identities involv-
ing spherical harmonics in an arbitrary dimension.
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1 Introduction

Spherical harmonics in an arbitrary dimension d, also called hyperspherical harmon-
ics when the dimension d > 4, are employed widely in quantum theory, see e.g.,
[1,3,5,7,8,11,12], and also comprehensive presentations [4,6]. The purpose of this
paper is to present some integral identities involving spherical harmonics in an arbi-
trary dimension.
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First, we introduce some notation. The set
RO = v = @..oxf vy e R 12 j = d
is the d-dimensional Euclidean space, and
§i-1 .= {g eR?: (g = 1}

is the unit sphere in R?. Here £ = (&1, ..., ;)7 and

& = (é) |ei|2)

is the Euclidean norm of &. Generic points in S?~! will be denoted by &, . We use the
symbol YZ for the spherical harmonic space of order n in d dimensions. Any function
in Yﬁf is called a spherical harmonic of order n in d dimensions, and is the restriction
to the unit sphere SY~! of a harmonic, homogeneous polynomial of degree n in the
variable x € R?. Introduce a weighted norm
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for a measurable function f on (—1, 1), and then define Lé d—3) /2(—1, 1) to be the
weighted L' space of all measurable functions for which the norm |-|| Ll (11
finite. Note that for d > 2, any continuous function on [—1, 1] belongs to the space
L % d-3) /2(—1, 1). Throughout the paper, we assume the dimension d > 2.

Now we recall the Funk-Hecke formula which is useful in simplifying calculations
of certain integrals over S?~!. A proof of this formula can be found in [10].

Theorem 1 (Funk-Hecke Formula) Let f € Léd—3) /2(—1, 1),EeS Vand v,
Y4. Then the Funk-Hecke formula holds:

)is

/ FED V() dST () = 2n ¥ (§) (1
Sd-1

with the constant L, given by

1
= 1877 / Poa(®) £ (1 %) dr. )
-1
In (2), |S?~2| denotes the surface area of the unit sphere in R4-1
27 &
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where I'(+) is the Gamma function. Moreover,
[n/2] 2\k n—2k
—1 (1 — 1)t
P,d(z)=n!r(—) —*
" 2 é( ) 4K (n — 20001 T (k + 451)

is the Legendre polynomial of degree n in d dimensions. For a fixed dimension d,
the Legendre polynomials { P, 4},>0 form an orthogonal basis in the weighted space
L%d_3)/2(—1, 1) with the inner product

(fv g)L2

(d-3)/2

1
(LD = /_1 F@) g0) (1 —H =924z,

For d = 3, P, 3(¢) is the ordinary Legendre polynomial of degree n.

The Funk-Hecke formula is valid as long as the integral for A,, exists, and this is
certainly the case if f € C[—1, 1].

To apply the Funk-Hecke formula, we need the Rodrigues representation formula
for the Legendre polynomial

_ d\" —3
Ppa(t) = (—1D"R, q(1 — t2)¥ (E) (1 - tz)”% ford > 2, 3)

where the Rodrigues constant

“

2 A family of integral identities for spherical harmonics

Throughout the paper, we denote by Y, € Y;’f an arbitrary spherical harmonic of order
n in d dimensions. Consider an integral of the form

1()(§) == / g(& — 1) Y, (n) ds*~ ). (&)
§d-1

We have the following result.

Proposition 2 Assume
g2 (1 =0)'?) € Liy 3 (=1, 1). (6)
Then

1(8)(&) = pnYn(8), )
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where

d-3

1
i = IS972] / g2 =V P at) (1 — 157 dr. )
-1

Proof Since

1/2 _
E—n=[20-¢-n]"” gnes’, ©
we can write
I(g) = / g2 —&- 0" Y ds .
sd—1
Applying Theorem 1, we obtain the formula (7) with the coefficient u, given by (8).

Using the Rodrigues representation formula (3) for the Legendre polynomial
Py, 4(t), we can express [, from (8) in the form of

1

tn = (=1)"IS" 2| Ry a / g22(1 - ' (%) A= Tdr (10)
—1

Let us apply Proposition 2 to the following function
gy =t", (11D
where v € R is a fixed number. The condition (6) requires
v>1-—d. (12)

In the following we assume (12) is satisfied. Then from (7) and (10), we have the
integral identity

/ & — 0"V, () dST () = waYa(8), &eS (13)
§d—1

where
1
21qd—2 2 (4 " 2\n+453
pn = (=1)"2"/8%7 |Rn,d/<1—r>“/ (E) (A=) Tde. (14
-1
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We can simplify the formula for i, through computing the integral

1
uw:/a—nm(%)(y4%ﬁﬂhp
21

5)

Recalling the condition (12), we can perform integration by parts repeated on 1 (v)
and all the boundary value terms at r = %1 vanish. After integrating by parts n times,

we have
VvV [V v
1w=3G-1)(G-e-n)o.
where
1
J(v) = / (1 =021 =T ar,
—1
Write

1
J@)=i/(1—tﬂwd—$ﬂ(1+tw+$§dt
—1

and introduce the change of variables r = 2s — 1. Then

1
J(U) — 2n+%+d72/(1 _ S) H’gilflsﬂ‘l’%*lds
0

() r(n+ 45

— 2n+%+d72
F(n+3+d-1)

Therefore, for 11, of (14),

r (erdf]

)

sy = (_1)n2v+d—lndz;1§ (; _ 1) (g —(n— 1)) T

From the formula (17), we see that

up =0 ifv=0,2,4,...,2(n—1).

Now consider some special cases for the formula (13) with (17).
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Special case 1: v = 2 — d. Then,

a1 d—2 d—2 d-2\d-2 T({
Un =21 2 (n—l—i—T)(n—Z—i-T) -o(l-l- > ) > I"(n—}—%)

Use the relations

)t )5

2
Hence,
275 d—2 d —2) 1891
Mn = = . (18)
F%)2n+d—2 2n4+d—2
So we have the integral identity
Y, () - -
/ = ds*= () = Y, (§), &es, (19)
where 1, is given by (18).
Special case 2: v = —1. Then,
_ a2t l 32— I (42)
M e —_ —_—. e e
22 2 T(n+d-3)
After some simplification,
ity G0L T 0)
2%p! (n +d— —)
So we have the integral identity
Y (n) - _
/ ﬁdsd ) = Y (®), §es’ @1
where u,, is given by (20). Note that for d = 3,
4
(22)

b= ¥ 1
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Special case 3: v = 1. Then,

oy = (—1)”2%"%1% (—%) (—%) (— (n - %)) r(ni(—j?)—%)'

Since
'n+d +d 3 +d > r !
n —=)=\n —=)(n - = -T{=),
2 2 2 \2
we have
_ re¢
fy = —224-175° 2) . (23)
Cn—=1)Q2n+1)---2n+2d —3)
So we have the integral identity
/ & =l Y dS'™ ) = paYa(®), &8, (24)
sd—1
where 1, is given by (23). Note that for d = 3,
16
Mn = — . (25)
2n—-1)2n+1)(2n+3)
We may also choose g as a log function in applying Proposition 2:
g(t) =logt.
Then we obtain the formula
/ log & — 01 Y, () dST () = Yo (§), & €S, (26)
gd-1
where
1
|Sd_2| 2,43
Hn = — log(2 (1 =1)) Ppa(t) (1 —17) 2 dt. (27)
-1

Using the orthogonality of the Legendre polynomials, for n > 1, we can simplify (27)
to

1S9=2|
2

1
[in = /10g(1 — D) Pug®) (1 — )T dt, n>1. (28)
-1
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3 Some extensions

Proposition 2 can be extended straightforward to some other similar integrals.
Let a and b be non-zero real numbers. Then similar to (9),

1/2
g +bnl = (a®+b2+2abg n) . Emes!, (29)
Then for a function g satisfying
g(@+p2+2ab0"2) € Ly H(-1.1),

we can apply Theorem 1 to get

/g(|a£+bn|)Yn(n)de*‘(n>=unYn(£), gesi!, (30)
sd-1

where

1

d\" _
Uy = (_1)"|S‘H|Rn,d/g((a2+b2+2abt)1/2) (E) (1 — 2 Far. (31)
-1

This formula includes Proposition 2 as a special case where a = 1, b = —1. Choosing
a = b = 1, we obtain another special case formula:

/ UE+ 1) Yu(m)dST ) = uaYu(8), &es! (32)
Sd-1

where
1
d\" -3
tin = (=1)"IS"2| Ry a / g1+ 0" (E) (1—H""7dr.  (33)

—1

More generally, let g(t1, ..., t;) be a function of L real variables, and let a;, b,
1 <1 < L, be 2L non-zero real numbers. Assume

g((a% FR 4 2abin)V 2 (@2 + b+ 2aLbLt)1/2) € Ly 3 (~1.1).
Then

/ g(ar& +binl, ..., laré +brn) V() dS™ () = ¥, (8), &eS',

§d-1
(34)
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where

1
un=(—D”Sd4|ng/g(w%+b%+2aﬂnn”%”.Aai+bi+2aLMJf”)
—1

i ! _ 42 n-l—H
(dt) (1 —t)""72 dt. (35)

As a particular example, forvi > 1 —dand vy > 1 —d,

/Ws—mww+m”nwnm*%m=uﬂu&,seS“% (36)
§d-1

where

1
n
n = (_l)nz(vl+v2)/2|Sd—2| R, d/(l _ t)UI/Z(l + I)V2/2 (di) (1- tz)”+%dt.
’ t
-1
(37

4 Conclusion

Applying the Funk-Hecke formula, we have derived identities for some integrals
involving spherical harmonics over the unit sphere in an arbitrary dimension. Inte-
gral identities of the forms (13) and (26) are useful in numerical approximations of
boundary integral equations ([2]). Note that direct derivation of such identities as (19),
(21), and (24) are quite involved, often using some form of Green’s integral identities

(see, e.g., [9]).
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